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 We model epithelial invagination of
the early tooth germ.
 Cell-cell mechanical interaction is
considered in an abstract tissue geo-
metry.
 Epithelial buckling occurs by
mechanical stress of growing.
 An unknown signiﬁcance of histolo-
gical features in tooth development
is proposed.
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a b s t r a c t
In the early stage of tooth germ development, the bud of the dental epithelium is invaginated by the
underlying mesenchyme, resulting in the formation of a cap-like folded shape. This bud-to-cap
transition plays a critical role in determining the steric design of the tooth. The epithelial-
mesenchymal interaction within a tooth germ is essential for mediating the bud-to-cap transition.
Here, we present a theoretical model to describe the autonomous process of the morphological
transition, in which we introduce mechanical interactions among cells. Based on our observations, we
assumed that peripheral cells of the dental epithelium bound tightly to each other to form an elastic
sheet, and mesenchymal cells that covered the tooth germ would restrict its growth. By considering the
time-dependent growth of cells, we were able to numerically show that the epithelium within the tooth
germ buckled spontaneously, which is reminiscent of the cap-stage form. The difference in growth rates
between the peripheral and interior parts of the dental epithelium, together with the steric size of the
tooth germ, were determining factors for the number of invaginations. Our theoretical results provide a
new hypothesis to explain the histological features of the tooth germ.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction
Morphogenesis is an autonomous process in tissues that
occurs during the growth of multicellular organisms. A layered
structure composed of regularly arrayed cells, which is called
the epithelium, contours each organ throughout the body
(Gilbert, 2006). Morphogenetic events are often accompanied
by epithelial deformation, as in gastrulation, ectodermal pla-
code formation, lung branching, and intestinal villi formation
(Chuong and Noveen, 1999; Sweeton et al., 1991). It has been
considered that a speciﬁc shape arises due to local differences in
cellular behavior controlled by signaling molecules. In addition
to this common morphogenetic concept, models of spontaneous
deformation based on mechanical cell–cell interaction are
expected to lead to breakthroughs in our understanding of
large-scale shape changes (Bilder and Haigo, 2012; Drasdo and
Forgacs, 2000; Hočevar Brezavšček et al., 2012; Ishihara and
Sugimura, 2012; Nagai and Honda, 2001; Sherrard et al., 2010;
Sweeton et al., 1991).
Organogenesis of ectodermal organs, such as teeth (Fig. S1 and
Text S1 in the Supporting material), hair, and the optic cup,
involves a large-scale deformation process that is critical for later
development (Eiraku et al., 2011; Jernvall et al., 1994; Paus et al.,
1999; Toyoshima et al., 2012; Vaahtokari et al., 1996). In the early
stage of tooth development, a bud of dental epithelium grows into
a cap structure with an invaginated tip (Fig. 1A, white arrowhead).
This step is called the bud-to-cap transition (Fig. 1A and B, from
the middle to the lower panels) and begins the process that
determines the cell fate depending on positional relationships. It
has also been shown that the cap structure determines the shape
and unit of the tooth, based on the fact that a tooth germ with
multiple invaginations ultimately forms multicusped teeth or even
extra teeth in vitro (Cai et al., 2007; Harjunmaa et al., 2012; Nakao
et al., 2007) and in vivo (Järvinen et al., 2006; Nakamura et al.,
2008). Despite the importance of the formation of the cap
structure in tooth morphogenesis, there have been no theoretical
studies on this process, while tooth alignment (Kulesa et al., 1995)
and cusp formation (Osborn, 2008; Salazar-Ciudad and Jernvall,
2002) have been modeled.
The progress of the bud-to-cap transition has been consid-
ered to be directed by mutual regulation between the epithe-
lium and mesenchyme via chemical signaling, such as by FGFs,
SHH, WNTs and BMPs (Thesleff, 2003; Tucker and Sharpe, 2004).
Especially, a signaling center called the enamel knot is thought
to play a pivotal role in tooth development (Fig. 1B, lower
panel). It has been considered that convex and concave regions
of the cap-stage dental epithelium are the result of differential
growth via diffusive signals from the primary enamel knot
(Jernvall et al., 1994; Tucker and Sharpe, 2004). However,
enamel knot-related genes are expressed only faintly before
the cap stage (http://bite-it.helsinki.ﬁ) (Jernvall et al., 1998;
Vaahtokari et al., 1996), and the causal relationship between
the enamel knot and the bud-to-cap transition is still not clear.
As shown in Fig. S1B, it has become evident that the local
ampliﬁcation of proliferation activities is not signiﬁcant in the
early tooth germ before invagination (E13.5 and E14.0), in
contrast to the evident regional bias in E14.5. This implies that
the morphogen gradient plays only a minor role in the early
stage. Thus, as the ﬁrst step in elucidating the mechanism of the
bud-to-cap transition, we performed a numerical study on the
effect of mechanical instability on morphogenesis.
To consider the mechanism of the bud-to-cap transition, we
focused on the histological features of the bud-stage tooth
germ (Fig. 1) (Lesot and Brook, 2009). As we demonstrated in
Fig. 1A, the interior cells of the epithelial bud do not show
consistent alignment. On the other hand, the peripheral cells of
the epithelial bud are aligned densely along the basement
membrane (Lesot and Brook, 2009). These facts imply the
presence of different adherence properties between the cells
in the interior and periphery. It has been reported that the
expressions of E- and P-cadherin differ between the interior
and periphery from the bud stage (Palacios et al., 1995). After
the cap stage, the interior part of the dental epithelium is
histologically discriminated from the periphery as stellate
reticulum (Lesot and Brook, 2009; Sasaki et al., 1984; Thesleff
et al., 1996). Regardless of these studies, to the best of our
knowledge, no previous report seems to have addressed the
possible signiﬁcance of the different cell modes in the epithe-
lial bud before the cap stage for tooth development. In addi-
tion, little attention has been given to the ﬁnding that the
boundary of the dental mesenchyme and the oral mesenchyme
starts to form a collagen type IV-rich ﬁbrous barrier, which we
tentatively call the multiﬁber layer, from the bud stage (Fig. 1A)
(Fukumoto et al., 2006; Mammoto et al., 2011; Yoshiba et al.,
2003). Fig. 1A shows that the dental mesenchymal cells exhibit
compressed shapes along the direction of the multiﬁber layer,
which may provide information to estimate the force ﬁeld
(Ishihara and Sugimura, 2012). Actually, a compaction experi-
ment implied that the dental mesenchyme is under pressure in
the tooth germ (Mammoto et al., 2011).
In this study, we investigated the mechanism of the bud-to-
cap transition in tooth development. We presume that epithelial
folding is induced through mechanical force that is sponta-
neously generated by cell growth in the dental epithelium. Our
model links the histological features of the tooth germ and
cellular behavior to the mechanism of shape formation. The
purpose of the present study was to consider the possible role of
mechanical instability in relation to a difference in the cell
population in the mechanism of tooth development, based on
experimental observations (Jernvall and Thesleff, 2000; Jussila
and Thesleff, 2012; Pispa and Thesleff, 2003). We propose a new
hypothesis regarding cap shape formation under a simple
theoretical framework that does not involve directed cell
motion or signal distribution.
2. Materials and methods
2.1. Animals
C57BL/6 mice were purchased from SLC, Inc. (Shizuoka,
Japan). R26R-Lyn-Venus mice (CDB Acc. no. CDB0219K at
http://www.cdb.riken.jp/arg/mutant%20mice%20list.html) were
obtained from the RIKEN CDB Laboratory for Animal Resources
and Genetic Engineering (Hyogo, Japan) (Abe et al., 2011). All
mouse care and handling complied with the NIH guidelines for
animal research. All experimental protocols were approved by
the Animal Care and Use Committee of Tokyo University of
Science.
2.2. Histochemical analysis and immunohistochemistry
The tissues were removed and immersed in 4% paraformal-
dehyde in PBS(–) for 2–16 h at 4 1C. For histochemical tissue
analyses, after ﬁxation, the tissues were embedded in parafﬁn
and sectioned at 5–10 μm. For the storage of frozen samples,
the specimens were immersed in a series of graded sucrose
solutions and embedded in Tissue-Tek O.C.T. (Sakura-Finetek
USA, Torrance, CA). For immunohistochemistry, Anti-Collagen
Type IV (1:200, Millipore, Temecula, CA) polyclonal antibody
was used. Immunoreactivity was detected using Alexa Fluors
647 Donkey Anti-Rabbit IgG (HþL) Antibody (1:500,
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Molecular Probes, Eugene, OR). All ﬂuorescence microscopy
images were captured under a confocal microscope (LSM780,
Carl Zeiss).
2.3. Numerical calculation
The source code was written in Cþþ based on the open source
code for Smoothed Particle Hydrodynamics (https://github.com/
takagi/blog-codes/blob/master/20090223/sph.cpp), which calcu-
lates the interactions among many particles efﬁciently.
3. Results
3.1. Model
The essence of our hypothesis is that the ratio of the growth of
the epithelial sheet to the increase in the volume of the epithelium
plays an essential role in the stability of shape. Based on the
differences in shape and adherence properties between the
peripheral and interior cells (Fig. 1A), we assumed that the
periphery and the interior are composed of distinct cell types
(Fig. 1B) and that they do not mix with each other. Let us consider
a spherical tissue in which the periphery and interior are
Fig. 1. The bud-to-cap transition of the tooth germ. (A) Frontal sections of tooth germs of R26R-Lyn-Venus transgenic mice in which all cell membranes are visualized (Abe et
al., 2011). The upper, middle, and lower panels are from mouse embryos on embryonic day 13.5 (E13.5), E14, and E14.5, respectively. Green signals indicate cell membranes.
Red signals represent collagen type IV immunostaining, which is a sign of what we tentatively call the multiﬁber layer. Merged signals (represented in yellow) are intrinsic
ﬂuorescence from blood cells. White arrowhead indicates the invaginated tip of the dental epithelium. Scale bar¼50 μm. (B) Schematic representations of each panel in (A).
The distinct cell colors represent different cell types. (C, D) Overview of the mouse sections shown in (A). (C) Frontal section of the head of an R26R-Lyn-Venus transgenic
mouse. A red box indicates a magniﬁed area in (A). (D) Schematic drawing of a midsagittal section of the head. The frontal section plane used for (C) is indicated by dashed
lines. Orange and red areas indicate the brain and tongue, respectively. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article).
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composed of different assemblies. When both the peripheral and
interior cells proliferate at the same rate, the tissue's surface S will
not scale linearly with the tissue's volume V, since S–V2/3 for a
sphere. The disproportion between the periphery (S) and interior
(V) generates mechanical force to restore the stability of the shape.
Deformation from a round shape to an irregular shape will resolve
the imbalance in the surface–volume ratio.
To depict this concept in the growth process, we constructed a
mechanical model of cell motion (Fig. 2). The cellular dynamics are
based on the intuition that early tooth development is governed by the
principle that a cell tends to move from a more crowded space to a less
crowded space. We applied center dynamics, which are simple and
sufﬁcient to examine this idea, and do not consider the change in cell
shape for simplicity. Each cell is assumed to be a particle, and is
represented by a mass point positioned at the center of the particle.
Cell–cell binding and retention of the cell volume are simply interpreted
in terms of the mechanical interaction between neighboring particles.
Mechanical interaction is assumed to be determined by the distance
d between cell centers (Fig. 2A, Appendix A). The ideal distance between
a pair of cells d0 was deﬁned as the resting state. Both repulsive (dod0)
and attractive (d4d0) interactions are present, and each cell moves in
response to the sum of these interactions. We set a cutoff distance,
dcutoff, at which interaction is lost (Fig. 2B). This corresponds to the case
when the cells are far enough apart from each other to lose direct
contact. We also assumed that cell division occurs under a constant
probability within the same type of cells (Appendix B).
The particles were arranged to construct the tooth germ model
(Fig. 2C). Without losing generality, we adopted a two-dimensional
model by considering the shape of the tooth germ in a frontal section
(Fig. 1). The peripheral and interior parts of the dental epitheliumwere
considered to be comprised of different assemblies and to behave
differently, and the multiﬁber layer was included in the model
(Fig. 2C). We assumed that mesenchyme-like interior epithelial cells
behave like free adhesive particles that follow the basic dynamics
deﬁned in Appendix A (green dots in Fig. 2C). The peripheral cells also
follow the basic dynamics, but maintain a sheet structure that
contours the dental epithelium (blue dots in Fig. 2C). For modeling
of the sheet structure, the cutoff distance for interaction between an
adjacent pair of peripheral cells was set to dadjacentcutof f ¼ 300 so that they
remained in contact. To retain smooth layering of the peripheral cells
on the basement membrane as seen in Fig. 1A, the peripheral layer
was interpreted by incorporating the effect of bending elasticity
(Appendix C). We assumed that the peripheral and interior cells
actively proliferate, based on the expression of the proliferation
marker Ki-67 in the dental epithelium (Fig. S1B). We paid attention
to the change in shape of the lower side of the dental epithelium
under the approximation that the displacement of the peripheral cells
on the upper side is negligibly small, according to our observations.
Therefore, the positions of the peripheral cells on the upper side were
ﬁxed (red dots in Fig. 2C).
We considered the short period of time from the last minute to
the beginning of epithelial folding. Therefore, the tooth-germ size
was assumed to be nearly constant, and the multiﬁber layer was
modeled as a ﬁxed wall. It is plausible that the multiﬁber layer
affects cellular movement since the thick condensation of extra-
cellular matrices should affect cell–cell binding. We assumed that
the dental epithelium and mesenchyme are compressed inside the
multiﬁber layer, based on observations (Fig. 1A) (Mammoto
Fig. 2. The model's framework. (A) Force acting between a pair of particles in the basic dynamics (see Appendix A). Repulsive and attractive forces are present when the distance
between particles is shorter and longer than the optimal distance d0¼1, respectively. The relative cutoff distance is set to be dinteriorcutof f ¼31/2 (B) The concept of the cutoff distance. The
cutoff distancewas set to be the minimum distance between a non-adjacent pair of particles in the close-packed lattice. (C) Layout of particles in the numerical simulation. Blue and
green dots (gray and light gray dots in monochrome images) represent the centers of peripheral and interior epithelial particles, respectively. Red dots (dark gray dots in
monochrome images) represent the centers of ﬁxed peripheral particles that form an elastic layer with the blue peripheral particles. The number of particles was determined based
on the number of cells seen in a frontal section of the tooth bud. The red line indicates a ﬁxed wall, which designates the multiﬁber layer.
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et al., 2011). We omitted the dental mesenchyme in the present
model based on the fact that mesenchymal proliferation is not
apparently active before epithelial invagination (Fig. S1B), suggest-
ing that the dental mesenchyme plays only a small role in the initial
process of invagination. By adopting a simple model geometry, we
focused on the spontaneous change in the shape of the dental
epithelium. This simpliﬁcation was also based on our examination
of the model's framework with extensive geometries including the
dental mesenchyme, where the parameters that were critical for
the shape change were those of the dental epithelium (data not
shown).
3.2. Results of the numerical simulation
Fig. 3A and Movie S1 show the invaginated deformation of the
modeled dental epithelium during its growth. We examined the
effect of the difference in growth rates between the peripheral (pp)
and interior (pi) cells on epithelial invagination. The results showed
that folding was critically dependent on the ratio between pp and pi,
and did not occur when pp/piwas small, which conﬁrms our idea that
an imbalance between the periphery and internal parts resulted in
the deformation from a round shape (Fig. 3B). A single folding at the
lower center of the dental epithelium occurred over a wide range of
parameter values, which reﬂects the robustness of this buckling-
driven shape change. Interestingly, multiple folds appeared when pp/
pi was large, suggesting that the difference in the growth rates is
crucial for the regulation of the change in shape. Multiple folds were
also generated when the layer elasticity deﬁned by kbend was
decreased (Fig. 3C), indicating that elasticity inﬂuences the range of
the characteristic wavelength.
The dependency on the size of the tooth-germ is shown in
Fig. 4A. More folds were seen for a larger tooth germ when there
were no changes in the values for pp and pi. The folding pattern
became more irregular when the multiﬁber layer was removed
(Fig. 4B), suggesting that the multiﬁber layer makes an important
contribution to the bud-to-cap transition.
4. Discussion
We have presented a theoretical model for the bud-to-cap
transition of tooth germ. Based on the current biological insights,
we adopted a simple model geometry that contained only the
essential components to stress the idea that tissue deformation is
driven by self-organized epithelial buckling. The difference
between growth at the periphery and in the interior leads to
buckling of the dental epithelium. The model of invagination is
regulated by the growth rates of the peripheral and interior parts
and by the size of the tooth germ. The spatial restraint imposed by
the multiﬁber layer provides consistency to the deformed shape.
The underlying concept of our model is in contrast to the
traditional perspective that non-proliferating regions are invaginated
and proliferating regions protrude, as modeled by Salazar-Ciudad and
Jernvall (2010, 2002) (Jernvall and Thesleff, 2000). Our model is
similar to Osborn's model of tooth cusp formation, in which shape
formation can be explained by epithelial buckling (Osborn, 2008).
Here, we considered the initial bud-to-cap transition, and thus focus
on a different stage of morphogenesis than in past modeling studies
that have focused on the cap stage onward. Our concept is expected
to be reasonable as the ﬁrst theoretical model of the early tooth
germ, for which there seems to have been no clear experimental
evidence on the active role of morphogen gradients (Fig. S1B)
(Jernvall and Thesleff, 2000; Jussila and Thesleff, 2012; Pispa and
Thesleff, 2003). The present study stresses the importance of
mechanical instability, in addition to the current understanding of
the contribution of chemical signaling to the bud-to-cap transition.
Invagination of the dental epithelium occurs at the presumptive
enamel knot expressing SHH (Dassule et al., 2000; Gritli-Linde, 2002;
Hardcastle et al., 1998) and FGF4 (Jernvall et al., 1994; Kettunen et al.,
1998; Klein et al., 2006; Kratochwil et al., 2002), which should induce
cellular proliferation during development of the tooth germ. It is
expected that both the chemical signaling and mechanical inﬂuence
Fig. 3. Autonomous deformation of the tooth germ. (A) Example of the results of
numerical simulations. Snapshots at time points t¼0, 6000, 12,000, 18,000, and
24,000 are shown. Parameter values were taken to be kii¼10, kip¼20, dperifcutof f ¼ 300,
kpp¼0.0024, kbend¼140, γ¼10, pi¼0.00005, and pp¼0.00015 (see Appendixes A, B,
and C). Circles with slightly different colors (slightly different tones in monochrome
images) indicate newly added particles. The time-development for this result is
shown in the Supporting Information (Movie S1). (B) Results obtained by changing
the proliferation rates for peripheral and interior cells. The process was iterated until
the number of interior particles reached 170 or that of peripheral particles reached
90. (C) Multiple invaginations seen for the soft peripheral layer. kpp¼120, kbend¼70.
Fig. 4. Irregular shape generation. (A) Dependence of the number of folds on the
size of the tooth germ. The multiﬁber layers have radii of 6, 8, 10, and 12. The
process was iterated 20,000 times. Parameters were set as in Fig. 3A, except that
pp¼0.00030. (B) Irregular form obtained in the absence of a multiﬁber layer.
Parameters were set as in Fig. 3A.
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work in a cooperative manner to generate epithelial invagination
in vivo.
Before formation of the cap shape, the dental epithelium has
been regarded to consist of a single cell type, and there has been no
discussion of a difference in shape between the periphery and
interior of the dental epithelium (Jernvall and Thesleff, 2000;
Osborn, 2008; Salazar-Ciudad and Jernvall, 2010, 2002). The present
study shed light on the signiﬁcance of this issue in tooth develop-
ment. Our result does not require the complete discrimination of
peripheral and interior cells, and is valid as long as cells in the
periphery form a dense elastic sheet structure. The bending
elasticity of the peripheral layer that determines the folding pattern
(Fig. 3C) should correlate with the actual cell shape, cell size, and
cell–cell binding in the periphery, and therefore this model relies on
discontinuity in the multicellular system (Nagahara et al., 2009). By
taking into account the bending elasticity at the peripheral layer,
our model in its current form can not be applied to the morpho-
logical change after the appearance of the enamel knot (from E14.5
to E16 in Fig. S1A). The enamel knot is a compressed cluster of
epithelial cells (Fig. 1A and B, lower panels), and should affect the
mechanics in the dental epithelium; the peripheral layer can no
longer be assumed to be uniform.
Our results suggest that the dental mesenchyme including the
multiﬁber layer plays an important role in the bud-to-cap transition
(Figs. 4A and B). With regard to this notion, multiple invaginations
and subsequent multiple tooth formation have been observed in
tooth regeneration culture, suggesting that there is a correlation
between the number of invaginations and the germ size (Nakao
et al., 2007). Our present study provides a working hypothesis for
this observation that the tooth-germ size is critical, based on the
ﬁnding that the dental mesenchyme must cover the whole epithe-
lial bud for normal cap formation (Fig. 4B). Interestingly, we have
seen that dental mesenchymal cells autonomously move to cover
the dental epithelium during tooth regeneration culture (unpub-
lished data related to (Nakao et al., 2007), and additional studies
will be needed to conﬁrm and analyze this issue in detail. Our
simple model successfully reproduced the observed change in the
shape of the dental epithelium even without the explicit inclusion
of dental mesenchymal growth, which will be incorporated in a
future study to describe the bud-to-cap transition more accurately.
The present study does not deny the contribution of chemical
signaling to the bud-to-cap transition. Invagination of the dental
epithelium occurs at the presumptive enamel knot expressing SHH
and FGF4, which should have indispensable effects on tooth germ
development. It is expected that chemical signaling and mechan-
ical effects cooperatively realize epithelial invagination in vivo.
Another factor that affected the folding pattern was the pp/pi
ratio (Fig. 3B). Interestingly, epiproﬁn-deﬁcient mice that showed
multiply invaginated tooth germ had delayed tooth development
in the early stage, together with reduced staining for the pro-
liferation marker PCNA (Nakamura et al., 2008). It is possible that a
decrease in the intrinsic proliferation activity is related to an
increase in the pp/pi ratio. The pp/pi ratio can also be considered to
be correlated with the balance of migration between the periphery
and interior. Further studies on cellular behavior and polarity that
focus on the peripheral and interior epithelium may help to clarify
the mechanism of the bud-to-cap transition.
5. Conclusions
We have demonstrated a scenario for the temporal morphological
development of the tooth germ. The concept of epithelial buckling has
been extended to interpret the process of the bud-to-cap transition,
which has not been highlighted previously. We have presented a
novel theoretical scheme in which an imbalance in the growth rates
between the interior and periphery of the tissue causes a shape
change. Our results suggested that the ﬁbrous barrier between the
dental mesenchyme and the oral mesenchyme plays a signiﬁcant role
in tooth germ development. Our simple framework of a mechanical
shape change may be the basis for the incorporation of various
chemical signaling processes and the actual histological geometry to
more accurately describe the bud-to-cap transition in future studies.
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Appendix A. Basic dynamics of cells
The basic dynamics for the interior epithelium were described
as
F ij ¼ f dijrel
 
xixj  dijrelrdcutof f 
F ij ¼ 0 dijrel4dcutof f
 









where Fij is the attractive (fo0) or repulsive (f40) force acting on
cell iwith respect to cell j, xi is the position of the cell center, and dij is
the distance between cell centers (Fig. 2A). We set λ¼2. The optimal
distance was deﬁned as dij0¼riþrj, where ri is the presumptive radius
of cell i. Fij¼0 was assumed to hold when dij¼dij0, and the cells were
assumed to attract and repel each other when they were closer than
and farther than d0, respectively. We set the relative cutoff distance
dcutoff, at which interaction is lost. This corresponds to the case when
the cells are apart and not in contact with each other. For interior
epithelial cells, dinnercutof f was assigned to be 3
1/2, which corresponds to
the minimum distance for a non-adjacent pair in the closest-packing
condition when d0 is constant (Fig. 2D). The interaction described by
Eq. (A.1) rapidly approaches zero near dijrel¼dcutoff.








kijF ij corresponds to the velocity of cell i. This
assumption is based on the perspective that cells are in a very
crowded environment and translational movement is relatively
slow (Nagai and Honda, 2001). In the numerical simulation, a
small noise was added to Eq. (A.2) to stabilize the calculation. The
parameters that deﬁne the strength of cell interaction for interior-
interior, interior–peripheral, and peripheral-peripheral pairs are
kii, kip, and kpp, respectively. The value of kip is set to be twice as
great as that of kii to avoid cracking inside the modeled epithelium.
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Appendix B. Cell division
The maximum cell radii of the peripheral and interior cells were
assigned values of rperipherymax ¼ 0:5 and rinnermax ¼ 1 to represent the
difference in cell density between the peripheral and interior parts
of the dental epithelium. At cell division, ri of the daughter cells is
half that of the mother cell, and increases to rimax over 2500 steps.
Cell division occurs at a constant probability for fully-grown cells
for which ri ¼ rimax. To avoid an unrealistic cellular rearrangement
accompanied by cell division, F ijmod was introduced as follows,
F ijmod ¼mimjF ij;
0omir1 ðB:1Þ
where mi took a small value for daughter cells and increased from
0.1 to 1.0 over 90 steps.
When mi ¼ 1 was deﬁned for all cells at the initial state,





Appendix C. Peripheral layer with bending elasticity
To model peripheral cells, their relative positions were given
and dperifcutof f was assigned a large value so that adjacent pairs always
interacted with each other, except for the case of cell division.
dperif0 ¼0.5 was adopted instead of d0¼1 to represent the dense
periphery and sparse interior.
To retain the smooth layering of the peripheral epithelial chain,
the model included bending elasticity. It was assumed that the
angle θiþ formed by three successive peripheral particles i, iþ1, and
iþ2 tended to be ﬂat through introduction of the following force,





where niþ is the unit normal vector of the vector xixiþ1 for which
niþ  xiþ1xiþ2 o0. F ibend was deﬁned for particles i, i1, and
i2 in the same manner.
The multiﬁber layer was modeled with particles anchored at
the initial positions. Particles in the multiﬁber layer were ﬁve
times smaller than those in the periphery to create a dense wall.
Appendix D. Supporting information
Supplementary data associated with this article can be found in
the online version at http://dx.doi.org/10.1016/j.jtbi.2015.07.006.
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